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Abstract The eigenvalues and eigenvectors of a quantum similarity matrix are also
generalized eigenvalues and eigenvectors of the associated matrix of Carbó indices.
This establishes bounds on the spectrum of the Carbó index matrix; for example, a
quantum similarity matrix is positive semidefinite if and only if the associated Carbó
index matrix is also positive semidefinite. The generalized eigenvalue problem for
the Carbó index matrix has a diagonal metric matrix on the right-hand-side. Every
generalized eigenvalue problem can be written in this diagonal form (i.e., this form is
not special to this application). This diagonally structure generalized eigenvalue prob-
lem is especially convenient because it can be converted to a conventional eigenvalue
problem by a particularly simple partial Löwdin transformation.

Keywords Quantum similarity · Carbó index · Generalized eigenvalue problem

1 Introduction

The most prevalent mathematical measures of quantum similarity are the quantum
similarity matrices and the matrix containing their related Carbó similarity indices.
Both quantities appear already in the first paper that uses quantum similarity to make
a molecular ordering [1] and have been used, together or separately, many times since
then. (See refs. [2–6] for recent reviews.) Although the eigenvalues and eigenvectors

P. W. Ayers (B)
Department of Chemistry and Chemical Biology, McMaster University, Hamilton, ON L8S 4M1,
Canada
e-mail: ayers@mcmaster.ca

R. Carbó-Dorca
Institut de Química Computacional, Universitat de Girona, Girona, Catalonia 17071, Spain

123



J Math Chem (2011) 49:6–11 7

of quantum similarity matrices have been analyzed through a connection to semi-
stochastic matrices, [7] no analysis of the relationship between the eigenvalues and
eigenvectors of a quantum similarity matrix and its associated matrix of Carbó simi-
larity indices has been presented.

We denote the quantum similarity matrix as Z and denote its elements as {zi j }. The
elements of a quantum similarity matrix are usually chosen to have the form

zi j =
∫∫

pi (r) �
(
r, r′) p j

(
r′) drdr′ (1)

where �
(
r, r′) is a positive-definite integral kernel and pi (r) is the property density

for some quantum mechanical observable associated with molecule i . Usually the
property of interest is the electron density or the valence electron density. In the sim-
plest case, �

(
r, r′) = δ

(
r − r′). See, for example, refs. [8,9]. The quantum similarity

matrix, Z, is usually positive semidefinite, but it can have negative eigenvalues if, as
is common, the molecules i and j are aligned to maximize each individual matrix
element zi j [10].

The matrix of Carbó indices, R, is to the quantum similarity matrix what the corre-
lation matrix is to the covariance matrix. I.e., the elements of the Carbó index matrix
are

ri j = zi j√
zii z j j

. (2)

For the purposes of this paper, it is useful to define the diagonal matrix,

D = diag (Z)−
1
2 (3)

with elements

di j = δi j√
zii

. (4)

Then

R = DZD. (5)

2 Generalized eigensystem relationships between Z and R

Is there any relationship between the eigenvectors and eigenvalues of Z and R?
Denote the eigenvalues and eigenvectors of Z as ζk and yk , respectively. Start with

the defining relation of the eigenvalues and the eigenvectors,

Zyk = ζkyk (6)
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Insert the identity matrix, I = DD−1 before the eigenvector on both sides of this
equation and left-multiply the equation by D. This gives

DZ
(

DD−1
)

yk = ζkD
(

DD−1
)

yk

R
(

D−1yk

)
= ζkD2

(
D−1yk

)
(7)

This equation has the structure of a generalized eigenvalue problem. (See, for example,
references [11–13].) Specifically,

Rxk = ζkSxk (8)

with

xk = D−1yk

S = D2 (9)

Each rescaled eigenvector of Z, D−1yk , is a solution to the generalized eigenvalue
problem for R, with the same eigenvalue, ζk .

Similarly, starting from the conventional (not generalized) eigensystem of R, denot-
ing the eigenvalues and vectors ρk and qk , respectively, we can derive a generalized
eigenvalue problem for Z,

Rqk = ρkqk

D−1RD−1Dqk = ρkD−1D−1Dqk

Z
(
Dqk

) = ρkD−2 (
Dqk

)
(10)

Therefore,

Zpk = ρkTpk (11)

with

pk = Dqk

T = D−2 (12)

Because D2 is a diagonal matrix, it is trivial to invert it and transform Eq. 7 into a
conventional (but nonsymmetric) eigenvalue problem,

D−2Rxk = ζkxk (13)

This result emphasizes there is a simple relationship between the eigenvalues and
eigenvectors of the quantum similarity matrix and the Carbó index matrix.
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Using the variational principle for the extreme generalized eigenvalues, we can
derive an upper bound on the spectrum of the Carbó index matrix,

max (ρk) = max︸︷︷︸
p

p†Zp
p†D−2p

≤ max (ζk)

min (zkk)
. (14)

Similarly, lower bounds can be derived. If the quantum similarity matrix is positive
semidefinite, we have,

min (ρk) = min︸︷︷︸
p

p†Zp
p†D−2p

≥ min (ζk)

max
(

z−1
kk

) = min (ζk) min (zkk) . (15)

If Z has one or more negative eigenvalues, we have instead

min (ρk) = min︸︷︷︸
p

p†Zp
p†D−2p

≥ min (ζk)

min
(

z−1
kk

) = min (ζk) max (zkk) . (16)

Equation (15) establishes that if the quantum similarity matrix is positive semidefinite,
so is the Carbó index matrix. The converse is also true: R � 0 implies Z � 0. Similar
bounds can be derived for the spectrum of Z using the extreme eigenvalues of R. Note
that the bounds in Eqs. (14)–(16) are not expected to be especially tight.

3 Partial Löwdin transformation and the generalized eigenvalue problem
for the Carbó index matrix

One might suspect that because the metric matrix in the generalized eigenvalue prob-
lem in Eq. 8, is diagonal, there might be especially appealing analytic relationships
between R and Z matrices [14]. We have mined the literature and this does not seem
to be the case. To understand why, it is useful to recall that one of us has previously
studied generalized eigenvalue problems with this special form, and shown that this
form is equivalent to the more general generalized eigenvalue problem up to a unitary
transformation (amounting to the choice of basis set for the space) [15,16].

Consider Eq. 8 in generalized form,

Rxk = ζkSxk (17)

but now allow S to be an arbitrary Hermitian matrix. S can be diagonalized by the
unitary matrix U. I.e.,

U†SU = �

U�U† = S (18)
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This allows us to rewrite Eq. 17 in a form where the right-hand-side matrix is diagonal,

Rxk = ζkU�U†xk

U†RU
(

U†xk

)
= ζk�

(
U†xk

)
(19)

Defining

wk = U†xk

RU = U†RU (20)

gives a generalized eigenvalue problem in the new basis defined by the unitary trans-
formation,

RU wk = ζk�wk (21)

This equation has a diagonal matrix on the right hand side, just like the generalized
eigensystems of interest here. If the initial S matrix is positive semidefinite, then we

can write, � = D2, where D = �
1
2 is a diagonal matrix. Otherwise, we can still use

this form, but D will have some pure-imaginary components. One implication of this
result is that generalized eigenvalue problems with diagonal right-hand-side matrix
(like Eqs. 8 and 11) are not really mathematically distinct from the most general form
of the generalized eigensystem, but a canonical form of it.

The specific form of the generalized eigenvalaue problem in Eq. 21 can be solved
using a partial Löwdin transformation to obtain the simplified secular equation,

�− 1
2 RU �− 1

2 �
1
2 wk = ζk�

1
2 wk (22)

Defining

vk = �
1
2 wk = �

1
2 U†xk

RL = �− 1
2 RU �− 1

2 = �− 1
2 U†RU�− 1

2 (23)

allows us to express this as a Hermitian eigenvalue problem,

RLvk = ζkvk . (24)

The eigenvalues of this eigensystem are the same as that of the underlying generalized
eigenvalue problem; only the eigenvectors have been altered. In the specific case of
interest here, Eq. 24 is equivalent to the original problem because U equals the identity

matrix, �− 1
2 = D−1, and

RL = D−1 · I · R · I · D−1 = D−1RD−1 = Z. (25)

(See Eq. 5).
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4 Discussion

In addition to the Carbó index, several other similarity indices can be found in the lit-
erature. Some of the most prevalent indices employed in the quantum similarity field
are: (a) the Hodgkin-Richards index [17] (which simply replaces the geometric mean
in the denominator of Eq. 2 with the arithmetic mean), (b) the Tanimoto index [18]
(which is based on comparisons between bit strings), and Petke’s index [19] (which
uses a maximal value distance). It seems difficult, and perhaps impossible, to find a
simple algebraic relationship between the spectrum of these indices and the under-
lying quantum similar matrices. This is in contrast to the Carbó index matrix, which
has a generalized eigensystem identical to the conventional eigensystem of its associ-
ated quantum similarity matrix. The appealing algebraic structure of the Carbó index
matrix is not unexpected, because each Carbó index element has a sound geometrical
interpretation, even in generalized Hilbert and Riemann spaces, as the cosine of the
angle subtended by the two functions involved. Some work on the connection between
various quantum molecular similarity matrices and the quantum molecular similarity
indices, along with the relationships between different indices, has been done before,
but that work did not address linear algebraic issues considered in this paper [20].
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